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Question for lecture 5

Problem 4-4 on p. 86

Recurrence examples

I gave solutions to most of the sub problems. But there are three of them to which
the master method doesn’t apply. Recursion Tree didn’t give me a clear enough

answer, either. How do I solve sub problems b, d and e?

Give asymptotic upper and lower bounds for T(n) in each of the following
recurrences. Assume that T(n) is constant for n< 2. Make your bounds as tight as
possible, and justify your answers.

a. T(n):BT[gJ+nIgn.

Answer: We guess that the solution is T(n) = O(n'gzg). Our method is to

prove that T(n) <¢,n'%®-c,nlgn for an appropriate choice of the constant
Cc>0. Substituting into the recurrence yields

T(n)=3T(gj+nlgn
n)%® n n
<3c, [ﬁzj -3c, [ﬁzj [ﬂg(aj +nlgn
= ¢,n'"%® —gczn [lgn-1g2)+nign
= ¢,n'"%® —cznlgn—(%cznlgn—gcznlgz—nlgnj

= ¢,n'"%® —cmlgn—n{lgn[ﬁ%c2 —1j—gc2 IgZ}

<¢,n'® —c,nlgn



where the last step holds for Ign[ééc2 —1}—2C2|92>0 e.g, C,=8,n=2"+1.

T(n):sr(ﬂj+i

5) Ign’
Answer: ?

T(n)= 4T(gj +n24n.

Answer: We guess that the solution is T(n) = O(nzx/ﬁ ) Our method is to

prove that T(n) <cn?Jn foran appropriate choice of the constant ¢>0.
Substituting into the recurrence yields

T(n)= 4T(gj +n%Jn

< cnz\/g +n2J/n
= cnzg +n%Jn

=cn?Jn —(2_2\/5 cn?v/n - nzx/ﬁj

=cn2x/ﬁ—n2x/ﬁEE2_\/§c—1J

2
<cn?Jn

where the last step holds for 22 c-1>0. e.g, c=4 and n>0.



a T(n)= sr(ﬂ+5j+ﬂ.
3 2
Answer: We guess that the solution is T(n) = @(n lg n). ?

T(n)= ZT(EJ + N

2) Ign
Answer: ?

T(n) = T(Ej +T(Ej +T(Dj +n.
2 4 8
Answer: We guess that the solution is T(n) = @(n) . Our method is to prove

that T(n) < cn for an appropriate choice of the constant ¢>0. Substituting
into the recurrence yields

CRCRAREE

cn cn ¢n

<—+—+—+n
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where the last step holds for :—éc -1>0. e.g, c>8 and Nn>0.

T(n)=T(n-1)+=.

Answer: In this case, the master method does not work, we apply the
recursion tree method to solve this recurrence.

T(n) = 1n
|

T(h-1) = 1/(n-1)
| e dyl, 1o

" T(h-2) = 1/(n-2) “horet +n_z' =6(gn)

|

T.(l) = 1



n

Based on the formula: Z} = G(Ig n). Therefore the solution is T(n) = G)(Ig n).
i=1 |

. T(n)=T(n-1)+Ign.

Answer: In this case, the master method does not work, we apply the
recursion tree method to solve this recurrence.

T(n) = Ign

|
T(h-1) = Ig(n-1)

| _ o
T(n-2) = lg(n-2) =lgl+lgz+lg3+ +|9n‘;|9'—9(n|9n)

Based on the formula: Zn: Ig(i)° = @[nlg(n)C] for nonnegative. Therefore the
i=1

solution is T(n) = G)(nlg n).

T(n)=T(n-2)+2Ign.
Answer: We guess that the solution is T(n) = G)(nlg n). Our method is to

prove that T(n) <cnlgn for an appropriate choice of the constant ¢ >0.
Substituting into the recurrence yields

T(n)=T(n-2)+2Ign
<c(n-2)ig(n-2)+2Ign
=(cn-2c)lgn+(cn-2c)ig(n-2)-(cn-2c)lgn+2Iign
=cnlgn-[enign+2lgn-cnlg(n-2)+2cig(n-2)]

n2+2lgn[ﬂn—2)°}

n_

=cn|gn—[cn|g

<cnlgn

n
n-—

where the last step holds for cnlg > +2lgnifn-2)° >0. e.g, n>2.



. T(n)=nT{Vn)
Answer: We guess that the solution is T(n) = @(n lg n). Our method is to

prove that T(n) <cnlgn for an appropriate choice of the constant €~ 0.
Substituting into the recurrence yields

T(n) =T (Vn)
<c/n@/ng/n+n

—lcnlgn+n
2

1
:cnlgn—(Ecnlgn—nj

<cnlgn

where the last step holds for %Clg n-1>0.



