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Section 4.7

Exercise 2-10: Determine whether the given matrix A is diagonalizable. If 4 is diagonalizable, calculate A°.

_rr -1
2 A= [—1 1 ]
Answer: First, we look for the eigenvalues, and use the number of eigenvalues to determine whether the

given matrix is diagonalizable.
_[A-1 1
am-a=0"7" 7]

= det(Al —A) =212 -22

>A=0o0rd=2.
When A = 0, plugging in the value of 4, we have
1 -1 x1] _
[_1 1”x2]_ox[x2]_0

X1 — X2 ] _
:I:_.x1+x2:|_0

= x =a}] wherea #0.
When 2 = 2, plugging in the value of A, we have

5 Tkl-2x [0

-2

—X1 _xz] -0

= [—X1 - X2

=>x=a[_11],wherea¢0.



Answer:

In summary,A =0,x = a [ﬂ ,a+01=2,x=a [_11] ,a # 0. The corollary of Theorem 19

states if Ais a (n X n) matrix and has n distinct eigenvalues then A4 is similar to a diagonal
matrix (4 is diagonalizable). Since we have two distinct eigenvalues for the given (2 X 2) matrix

A, we've shown A is diagonalizable.

A=0x= {x ER*x= a[ﬂ,whereais any number and a # 0}

A=2,x={x € R%x=a[ ' |, where ais any number and a # 0}
=s=[; Z]

=57 =[os s

»o=s=as=[og Gl TI0 A= o)

According to the definition of similar matrices, D = S™'AS, and A = SDS~!. We also know that
(SDS™H)™ = SD™S™L. Therefore the calculation below follows,

A5 = (SDS™1)S
= SD5s-1
5
=i 2l 3l
=l Al slls 5o
2[0 32 [0.5 0.5

0 -—-32110.5 -05

[ e =i
-16 161"

1 3

Az[o 1

First, we look for the eigenvalues, and use the number of eigenvalues to determine whether the

given matrix is diagonalizable.

-1 -3
,11—,4_[0 o

= det(ll —A) = 12 — 21+ 1
>@A-12=0

= A = 1, algebraic multiplicity of 1 is 2.



Answer:

When A = 1, plugging in the value of 4, we have

u-a=ot P=[ o

=[5 T1-=z5

S NWAI—-A) = {x ER*x=a [é],where a is any real number}
= dim(V (A — 4)) = 1 = geometric multipliciy (of 2 = 1)

= geometric multiplicy < algebraic multiplicity (of 1 = 1)

The corollary of Theorem 19 states if A is a (n X n) matrix, 4 is similar to a diagonal matrix (4 is
diagonalizable) if and only if the geometric multiplicity of A; = the algebraic multiplicity of 4;.
Since we have one eigenvalues 1 = 1 for the given matrix and its geometric multiplicity is strictly

less than its algebraic multiplicity, we've shown A is not diagonalizable.

-1 7
A=y 4
First, we look for the eigenvalues, and use the number of eigenvalues to determine whether the

given matrix is diagonalizable.

A+l =7
M—A_[O L

=>det(Ml —A) =22 -1

>A=1lori=-1.

When A = 1, plugging in the value of 4, we have

[0 dLel-1x[e]=0
=[]l =0
N [—2x10+ 7x2] -0

=>x=a[;],wherea¢0.



When A = —1, plugging in the value of 4, we have
[0 dlal+1x[5]=0
=[]l

7x;]
Z [sz]

=>x=a[(1)],wherea¢0.

In summary,A =1,x = a [;] ,a+ 0 1l=—-1,x=a [(1)] ,a # 0. The corollary of Theorem 19

states if Ais a (n X n) matrix and has n distinct eigenvalues then A is similar to a diagonal
matrix (4 is diagonalizable). Since we have two distinct eigenvalues for the given (2 X 2) matrix

A, we've shown A is diagonalizable.

A=1x= {x ER*x= a[g],whereais any number and a # 0}

A=—-1,x= {x ER*>x=a [é],where a is any number and a # 0}

osef] !
st=[] O
so-sus=[0 S G -1 %)

According to the definition of similar matrices, D = S™'AS, and A = SDS™!. We also know that
(SDS™H)™ = SD™S™L. Therefore the calculation below follows,

A5 = (SDS™1)S

= SD5S™1

Z[Z (1J”(1) —1][ —35
=[Z é”(l) —1”0 _35
=l oIl S5

=% 4



1 1 -1
10. A=10 2 -1
0 0 1
Answer: First, we look for the eigenvalues, and use the number of eigenvalues to determine whether the

given matrix is diagonalizable. Notice that this is an upper triangular matrix. We know that for
an upper triangular matrix, the characteristic polynomial is simply [I}(4 — t;;), where t;; is the
corresponding value on the main diagonal. Therefore we can obtain the eigenvalues directly
from the matrix. They are, A = 1, with a algebraic multiplicity of 2, and 4 = 2, with a algebraic

multiplicity of 1.

When A = 1, plugging in the value of 4, we have

1-1 -1 1 0o -1 1
M—-A=| 0 1-2 1 |=(0 -1 1
0 0 A-1 0 0 O
0 -1 1 0 -1 1 0 0 O
=>[0 -1 1]—>—R2—> 0 1 —-1|->R +R,—>|0 1 —1]
0O 0 O 0 0 0 0 0 O
1 0
> NI -A4) = ix € R3:x = a|0|+ b|1]|, where a, b are any real numbers}
0 1

= dim(V (41 — 4)) = 2 = geometric multipliciy (of 1, = 1)

= geometric multiplicy = algebraic multiplicity (of 1, = 1) .

When A = 2, plugging in the value of 4, we have

A-1 -1 1 1 -1 1
0 A—2 1 l=[0 0 1]

/’{21_14:
0 0 A-1 0 0 1
1 -1 1 1 -1 0 1 -1 0
0 0 1 0 0 1 0 0 1

1
>N, —-A) = {x ER:x=a [1] ,where a is any real number}
0

= dim(]\f(lzl — A)) = 1 = geometric multipliciy (of 2, = 2)
= geometric multiplicy = algebraic multiplicity (of 1, = 2).
The corollary of Theorem 19 states if 4 is a (n X n) matrix, 4 is similar to a diagonal matrix (4 is

diagonalizable) if and only if the geometric multiplicity of A; = the algebraic multiplicity of 4;.

Since we’ve shown the geometric multiplicities equal to the algebraic multiplicities respectively,



we’ve proved 4 is diagonalizable. When A = 1, plugging in the value of A to look for eigenvectors,

we have
1 0
N@Al—A)={x€R3x=a|0|+b|1]|,where a, b are any real numbers
0 1

1 0
>x=a [Ol ,andx = b [1] are eigenvectors for 4; = 1

0 1
1
N (A, — A) ={x € R%: x = a|1|, where a is any real number
0
1
= x = a|1], are eigenvectors for 1, = 2
0
1 0 1
=>5=(0 1 1
010

Now we can Compute S™1, and further compute D, which could also be obtained by putting the

eigenvalues on the main diagonal.

10110 0 10 1 1 0 0
S|[I={0 1 1 0 1 0|»R;=R,>|0 1 1 0 1 0
0100 0 1 00 -1 0 -1 1
10110 0
- —R;—=[0 1 1 0 1 0
0010 1 —1
1 0 0 1 -1 1
>R -R;->|0 110 1 0
0 01 0 1 -1
1 0 0 1 -1 1
SR,—R;—>[0 1 0 0 0 1
0 01 0 1 -1

1 -1 1
=>S_1=[0 0 1].
0 1 -1

1 -1 1711 1 -1111 0 1
=>D=S14S=(0 0 1 02—1”011]

o0 1 -1llo o 1llo 1 o

1 -1 1711 0 1

=0 0o 1]//0 1 1

0 2 -21l0 1 0

1 00

=(o 1 o0].

0 0 2




According to the definition of similar matrices, D = S™'AS, and A = SDS~!. We also know that

(SDS™1)™ = SD™S™1. Therefore the calculation below follows,

A® = (SDS™1)5
= SD5§~1
1 0 11t 0 01°[1 -1 1
=01101oloo 1
0 1 oflo o 21 lo 1 -1l
1 0 111 0 o071 -1 1
=0 1 1[{]lo 1 oflo 0o 1
0 1 ollo o 32llo 1 -1
1 0 3211 -1 1
=0 1 32[][o 0 1
0 1 ollo 1 =1
1 31 -31
=[0o 32 -31].
0 0 1




