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Homework #5

Question: Diagonalize these matrices, i.e., find C nonsingular and D diagonal such that C"*MC = D.
_/r -1
a A= [—1 1 |
Answer: We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix.
_[A-1 1
m-a=0"7" 1]

= det(Al — A) = A2 — 21

= roots of the characteristic polynomial: A =0o0ri1=2.

We now calculate the eigenvectors, x, of each eigenvalue. When A = 0, we have,
1 1™ X171 _
[_1 1”x2]_0'[x2]_0

X1 — X2
= [xz_x1]_0

=>x=a[ﬂ,wherea¢0.

When A = 2, we have,
5 TIl-2 [l =0

—X1 — X2
=S [_xz _ x1] =0

:>x=a[_11],wherea¢0.



For a (n X n) matrix, it's diagonalizable if and only if we can find n linearly independent
eigenvectors. In other words, the dimension of eigenspace is equal to n. The given matrix 4 is

(2 x 2) and we found two linearly independent eigenvectors, so A is diagonalizable.

A=0, x = {x ER*>x=a [ﬂ,where a is any number and a # O}

A=2, X = {x ER*>x=a [_11] ,where a is any number and a # 0}

= &= H —11]
¢ =[os Lol

=D =cac= g:é —0655“—11 _11”1 —11]=8 g]

_It 3
b.  B=|; ;]
Answer: We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix.
_[1-1 =3
a-s="20 7

Sdet(l —B)=(A—1)(A1—4)—9=1—51—5

1 1
= roots of the characteristic polynomial: 1= 3 (5+3V5)ora= = (5-3V5).

We now calculate the eigenvectors, X, of each eigenvalue. When A = %(5 + 3\/3), we have,
1 31y 1 X1 _
3 4] [xz] —5(5+3V5)- [xz] =0

3
3x, — —(1 + \/g)xl
= g =0
3x, + 5(1 = \/g)xz

1
145
2

>x=a ,wWherea # 0.




When A = §(5 = 3\/5), we have,
5 3E)-26-3%8)[] -0

3
3x2 - _(1 - \/g)xl
= % =0
3x, + 5(1 + \/g)xz

1
>x=a 1—\/3],wherea¢0.

2

For a (n X n) matrix, it's diagonalizable if and only if we can find n linearly independent
eigenvectors. In other words, the dimension of eigenspace is equal ton. The given matrix B is

(2 % 2) and we found two linearly independent eigenvectors, so Bis diagonalizable.

— 1 -
1
y :5(5+3\/§), x =[x € R%:x = a |1+ /5|, where a is any number and a # O}

[ 2 ]
1 r 1
/1=E(5—3\/§), x=[xER2:x=a 1-+5 ,whereaisanynumberanda;tO}
[ 2 |
1 1
>C=|1+v5 1-+5
2 2
[V5-1 1 ]
=>C_1 IZ\/E \/g
[V5+1 1
| 2v5 V5!
[V5-1 1] r5+3y5 1
1 ' 1n st 28 V5| |7z o
>D=C'BC=|1+5 1—\/3[ I |= .
>3 HVs+1 1| o 5-3v5
lz\/§ 5J 2



1 2 3
c. E = IO 4 5]
0 0 6

Answer: We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix.

AI—E=] 0 A—4 =5

A-1 =2 —3]
0 0 A—-6

deta - B) = @ - Dder (' 0 T2 [)+2dee([] 70 ) -3der(]) 45 Y)

=A-1D)A-49)A-6)+0-0
=(A-1)A-491-6)

= roots of the characteristic polynomial: A =1,1=40r1=6.

We now calculate the eigenvectors, x, of each eigenvalue. When A1 = 1, we have,

1 2 37[*1] X1
[O 4 5[352 —1-[352]:0
0 0 6llxsl X3
2x, + 3x3]
= |3x,+5x3|=0
5x5

1
:xza[o],whereaio.
0

When 1 = 4, we have,

(=)

4 5

[123
0 0 6

X1 X1
xz]—4~[xz] =0
X3 X3
_3x1 + sz + 3X3
= [ SX3 = 0

2x5

2
=>x=a[3],wherea¢0.
0



When A = 6, we have,

1 2
[04

0 0

X1 X1
xz]—6-[x2] =0
X3 X3

_5x1 + 2x2 + 3X3
: [

—sz + SX3 = 0

x—a[ ]wherea:ﬁO

For a (n X n) matrix, it's diagonalizable if and only if we can find n linearly independent
eigenvectors. In other words, the dimension of eigenspace is equal to n. The given matrix E is
(3 % 3) and we found three linearly independent eigenvectors, so E is diagonalizable.

1

A=1, x={x€eR:x=al0 ,where a is any number and a # 0

L0

2

A=4, x={x€R%x=al3 ,where a is any number and a # 0

L0

[16
A=6, x={x€R:x=a 25],whereaisanynumberandaiO}

110
1 2 16
=>C= [0 3 25]

0 0 10

L 21

[ 3 15

1 5

SC = = ==
10 3 16|
b o L

10

[1_2%1
|1 5|1231216 1.0 0
>D=C'EC=(0 = —1lo 4 5|lo0 3 25|=|0 4 oOf.
l3116‘0060010 00 6

O_

10



01 1
d. E= Il 0 1]
1 10

We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix.

Answer:
A -1 -1
Al-E=|-1 1 -1
-1 -1 2

det(Al — E) = A det([_’11 _/11]) + det([j ‘/,11]) - det([j _’11])

AR -D+(-A-1D—-(1+A)
=2A-DA+1)—2(A+1)
= A+ D2 -1-2)

=A+1*(1-2)

= roots of the characteristic polynomial: A = —-1orl1= 2.
We now calculate the eigenvectors, x, of each eigenvalue. When 1 = —1, we have,
0 1 171[* X1
1 0 1ffX2[+1-[x2[=0
1 1 0lLx3 X3
= x1 + x2 + X3 = O
X1+ x, +x3
1 0
=>x=a|0|orx=a| 1 |,wherea+0.
-1 -1

When 1 = 2, we have,

0 1 11[* X1
[1 0 1 xz]—2~[xz]=0
1 1 0lLxs3 X3
_le + xz + X3
=0

= [x1—2x2+x3
X1 + Xy — 2x5

1
1
1

=>x=a ],wherea;tO.




For a (n X n) matrix, it's diagonalizable if and only if we can find n linearly independent
eigenvectors. In other words, the dimension of eigenspace is equal to n. The given matrix F is

(3 x 3) and we found two linearly independent eigenvectors, so F is diagonalizable.

[ 1

A=-1, x={x€R3:x=a O],whereaisanynumberandai0]
[ —1
[ 0

or x=4{x€R:x=al| 1 ,where a is any number and a # 0
[—1
[1

A=2, x={x€eR:x=all ,where a is any number and a # 0
11

-1 -1 1
[2 1 1]
| 3 3 3]
S| 1 2 1
3 3 3
1 1 1
3 3 3
[2 1 1]
|31 23 §|011101 -1 0 0
:D=C'1FC=—§§—§1010 1 1{=(0 -1 0].
1 1 1 1 1 0oll-1 -1 1 0 0 2
l3 3 3J



