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Homework #5 

Question: Diagonalize these matrices, i.e., find � nonsingular and � diagonal such that ����� � �. 

a. � � � 1 
1
1 1 � 

Answer: We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix. 

�
 
 � � �� 
 1 11 � 
 1� 

� det��
 
 �� � �� 
 2� 

� roots of the characteristic polynomial:  � � 0 or � � 2 . 
We now calculate the eigenvectors, ', of each eigenvalue.  When � � 0, we have, 

� 1 
1
1 1 � �'�'�� 
 0 ( �'�'�� � 0 
�  �'� 
 '�'� 
 '�� � 0 
� ' � ) �11� , where ) , 0 . 

When � � 2, we have, 

� 1 
1
1 1 � �'�'�� 
 2 ( �'�'�� � 0 
�  �
'� 
 '�
'� 
 '�� � 0 
� ' � ) � 1
1� , where ) , 0 . 



For a �- . -� matrix, it’s diagonalizable if and only if we can find - linearly independent 

eigenvectors.  In other words, the dimension of eigenspace is equal to -.  The given matrix � is �2 . 2� and we found two linearly independent eigenvectors, so � is diagonalizable. 

� � 0, ' � /' 0 1�: ' � ) �11� , where ) is any number and ) , 04 
� � 2, ' � /' 0 1�: ' � ) � 1
1� , where ) is any number and ) , 04 
� � � �1 11 
1� 
� ��� � �0.5 0.50.5 
0.5� 
� � � ����� � �0.5 0.50.5 
0.5� � 1 
1
1 1 � �1 11 
1� � �0 00 2� . 

b. 6 � �1 33 4� 

Answer: We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix. 

�
 
 6 � �� 
 1 
3
3 � 
 4� 

� det��
 
 6� � �� 
 1��� 
 4� 
 9 � �� 
 5� 
 5 

� roots of the characteristic polynomial:  � � 12 :5 ; 3√5= or � � 12 :5 
 3√5= . 
We now calculate the eigenvectors, ', of each eigenvalue.  When � � �� :5 ; 3√5=, we have, 

�1 33 4� �'�'�� 
 12 :5 ; 3√5= ( �'�'�� � 0 
�  >3'� 
 32 :1 ; √5='�

3'� ; 32 :1 
 √5='�
? � 0 

� ' � ) @ 11 ; √52 A , where ) , 0 . 



When � � �� :5 
 3√5=, we have, 

�1 33 4� �'�'�� 
 12 :5 
 3√5= ( �'�'�� � 0 
�  >3'� 
 32 :1 
 √5='�

3'� ; 32 :1 ; √5='�
? � 0 

� ' � ) @ 11 
 √52 A , where ) , 0 . 
For a �- . -� matrix, it’s diagonalizable if and only if we can find - linearly independent 

eigenvectors.  In other words, the dimension of eigenspace is equal to -.  The given matrix 6 is �2 . 2� and we found two linearly independent eigenvectors, so 6is diagonalizable. 

� � 12 :5 ; 3√5=, ' � B' 0 1�: ' � ) @ 11 ; √52 A , where ) is any number and ) , 0C 
� � 12 :5 
 3√5=, ' � B' 0 1�: ' � ) @ 11 
 √52 A , where ) is any number and ) , 0C 
� � � @ 1 11 ; √52 1 
 √52 A 

� ��� �
DEE
EF√5 
 12√5 1√5√5 ; 12√5 
 1√5GHH

HI 

� � � ���6� � @ 1 11 ; √52 1 
 √52 A �1 33 4�
DEE
EF√5 
 12√5 1√5√5 ; 12√5 
 1√5GHH

HI � DEE
EF5 ; 3√52 0

0 5 
 3√52 GHH
HI . 



c. J � @1 2 30 4 50 0 6A 

Answer: We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix. 

�
 
 J � @� 
 1 
2 
30 � 
 4 
50 0 � 
 6A 
det��
 
 J� � �� 
 1� det L�� 
 4 
50 � 
 6�M ; 2 det L�0 
50 � 
 6�M 
 3 det L�0 � 
 40 0 �M 

� �� 
 1��� 
 4��� 
 6� ; 0 
 0 
� �� 
 1��� 
 4��� 
 6� 

� roots of the characteristic polynomial:  � � 1, � � 4 or � � 6 . 
We now calculate the eigenvectors, ', of each eigenvalue.  When � � 1, we have, 

@1 2 30 4 50 0 6A @'�'�'NA 
 1 ( @'�'�'NA � 0 
�  @2'� ; 3'N3'� ; 5'N5'N A � 0 
� ' � ) @100A , where ) , 0 . 

When � � 4, we have, 

@1 2 30 4 50 0 6A @'�'�'NA 
 4 ( @'�'�'NA � 0 
�  @
3'� ; 2'� ; 3'N5'N2'N A � 0 
� ' � ) @230A , where ) , 0 . 



When � � 6, we have, 

@1 2 30 4 50 0 6A @'�'�'NA 
 6 ( @'�'�'NA � 0 
�  @
5'� ; 2'� ; 3'N
2'� ; 5'N0 A � 0 
� ' � ) @162510A , where ) , 0 . 

For a �- . -� matrix, it’s diagonalizable if and only if we can find - linearly independent 

eigenvectors.  In other words, the dimension of eigenspace is equal to -.  The given matrix J is �3 . 3� and we found three linearly independent eigenvectors, so J is diagonalizable. 

� � 1, ' � B' 0 1N: ' � ) @100A , where ) is any number and ) , 0C 
� � 4, ' � B' 0 1N: ' � ) @230A , where ) is any number and ) , 0C 
� � 6, ' � B' 0 1N: ' � ) @162510A , where ) is any number and ) , 0C 
� � � @1 2 160 3 250 0 10A 

� ��� �
DE
EEE
F1 
 23 1150 13 
 5160 0 110 GH

HHH
I
 

� � � ���J� �
DE
EEE
F1 
 23 1150 13 
 5160 0 110 GH

HHH
I

@1 2 30 4 50 0 6A @1 2 160 3 250 0 10A � @1 0 00 4 00 0 6A . 



d. J � @0 1 11 0 11 1 0A 

Answer: We will look for the eigenvalues and eigenvectors of the given matrix and diagonalize the matrix. 

�
 
 J � @ � 
1 
1
1 � 
1
1 
1 � A 
det��
 
 J� � � det L� � 
1
1 � �M ; det L�
1 
1
1 � �M 
 det L�
1 �
1 
1�M 

� ���� 
 1� ; �
� 
 1� 
 �1 ; �� 
� ��� 
 1��� ; 1� 
 2�� ; 1� 
� �� ; 1���� 
 � 
 2� 
� �� ; 1���� 
 2� 

� roots of the characteristic polynomial:  � � 
1 or � � 2 . 
We now calculate the eigenvectors, ', of each eigenvalue.  When � � 
1, we have, 

@0 1 11 0 11 1 0A @'�'�'NA ; 1 ( @'�'�'NA � 0 
�  @'� ; '� ; 'N'� ; '� ; 'N'� ; '� ; 'NA � 0 
� ' � ) @ 10
1A  or ' � ) @ 01
1A , where ) , 0 . 

When � � 2, we have, 

@0 1 11 0 11 1 0A @'�'�'NA 
 2 ( @'�'�'NA � 0 
�  @
2'� ; '� ; 'N'� 
 2'� ; 'N'� ; '� 
 2'N A � 0 
� ' � ) @111A , where ) , 0 . 



For a �- . -� matrix, it’s diagonalizable if and only if we can find - linearly independent 

eigenvectors.  In other words, the dimension of eigenspace is equal to -.  The given matrix O is �3 . 3� and we found two linearly independent eigenvectors, so O is diagonalizable. 

� � 
1,       ' � B' 0 1N: ' � ) @ 10
1A , where ) is any number and ) , 0C 
or                  ' � B' 0 1N: ' � ) @ 01
1A , where ) is any number and ) , 0C 
� � 2,          ' � B' 0 1N: ' � ) @111A , where ) is any number and ) , 0C 
� � � @ 1 0 10 1 1
1 
1 1A 

� ��� �
DE
EEE
F 23 
 13 
 13
 13 23 
 1313 13 13 GH

HHH
I
 

� � � ���O� �
DE
EEE
F 23 
 13 
 13
 13 23 
 1313 13 13 GH

HHH
I

@0 1 11 0 11 1 0A @ 1 0 10 1 1
1 
1 1A � @
1 0 00 
1 00 0 2A . 

 

 

 


