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Problem A:

Answer

Recall that aing is an algebr®& = (R, 4+, —,%, 0) satisfying the axioms

1. x+y=y+x

2. x+y)+z=y+(x+2)

3. x+0=x

4. x+(—=x)=0

5. (xy)z = x(yz)

6. x(y+2)=xy+xzand(y + z)x = yx + zx

Some are commutative, some are not. Some havetiplinative identity1 ore, some do not.
Give two examples of rings.

G = (Z3,+,x) forms a ring. With respect to the addition opemtiG is associative and
commutatives has an identity elemeff and there is an addition inverse for every elenTef.
With respect to the multiplication operatighjs distributive, and the multiplication distribste
over addition. Therefore¢ is a ring. The characteristic tables of the additiand the
multiplication operations o are shown as below.

G = M,(R) for all 2 x 2 matrices with the entries frolR forms a ring. With respect to the
addition operationg is associative and commutative.

[a1 b1]+([a b2]+[a3 b3)_[a1+a2+a3 by + b, + by
¢ d; c, d, c; dsl)  leg+te+ce; di+d,+ds

_([ay by a, bz]) [a3 b

_<[C dl]+[c2 d; * ¢z dal’
[a1 bl] + [az bz] _ [a1 +a, b+ bz] _ [az bz] + [a1 bl]
¢ dy c; dpl eyt di+dyl e, d ¢ did”

With respect to the addition operatiGnhas an identity elemeft,, and there is an additive

a b

inverse,[:? :Z] for every elemen{,c d] €G.



a b 0 01_10 O a b]l_[a b
e d*lo ol=lo ol+ls al=[2 al
a b —a —b]_10 O
e a2 Zal=lo o
With respect to the multiplication operation, G is distributive.
& al(e elle &)
Cl dl Cz dz 63 d3

_ [as bl] ' [a2a3 +byc3  abs + b2d3]
lc;  dil lc,as +dycs cybs +dyds

_ (a;(ayaz + byc3) + by(ca3 + dyc3)  a;(azbs + byds) + by (cybs + dzds)]
Lc; (azas + bycs) + dy(cpa3 + dycs)  ci(azbs + byds) +dy(c;b3 + dyds)

_ [ayaza3 + aybyc3 + bycyaz + bydycs  agazbs + agbyds + bycybs + b1d2d3]
lciaza3 + c1byc3 + dicyas + didyc;  cazbs + cibyds + dicybs + didyds

(& 5 e
¢ dy ¢ dy c3 ds
[a,a, + byc, a;b, + bldz] ' [a3 b3]
lc;a, +dyc, c¢b, +dqd, c3 dj

[(aa; + bicy)as + (a;b, + bidy)es  (aja; + bycy)bs + (agh, + b1d2)d3]
[(c1a; +dicz)as + (¢1by + didy)bs  (ciay + dicy)bs + (b, + didy)d;

_ [ayaza3 + a;byc3 + bycya; + bydycs  agazbs + agbyds + bycybs + b1d2d3]
T laayas + cibye; + dicyas + didyc;  ciazbs + ¢ibyds + dicybs + didyds]”

The multiplication operation on G is distributes over the addition operation.

o el k)
¢, dy c, d, c3 ds
_ [al bl] . [az +a; b, +b;
= d,

c1 C;+c3 dy+d;

_ [a1a2 + b,c, + a;a; + bic; ayb, +bid, +a,b; + b1d3]
" lagay +dic; + ciaz +dycs by +didy, + cybs + dqds

[al bl] . [az bz] + [al bl] . [a3 b3
¢ dil ley dy c; dqil leg ds
_[ayay + byc; ayby + byd, a,a; + byc; a,b; + bid;

- [claz +d;c, c¢b, + dldz] + [c1a3 +dic; ¢by+didsg

_ [alaz + b,c, + a,a; + bjc; ayb, +bid, +a,b; + b1d3]
" leia, +dycy + ciaz +dics by, +dyd, + ¢ by +dids]”

Problem B: Prove the following statements about rings.



a. Ifx+y=x+2ztheny =z

Answer According to the axiom that there is an addictive inverse for every element in a ring, there exist an

element - x, such that (—x) + x = 0
x+y=x+z

S(E0)+x+y=(-x)+x+z

>y=z.
b. The additive identity of R is unique.
Answer Assume we have two different additive identities for R, and they are e; and e,.

x+e,=x=x+e,
=>xt+e =x+e,.
According to the previous statement, x + y = x + z derives y = z, we have,
x + 61 =x+ 62

ﬁel=62.

Therefore, we can’t have two different additive identities, the additive identity of R is unique.

c. The additive inverse of an element x is unique.

Answer Assume we have two different additive inverses of element x, and they are (—x); and (—x),.
x+(—x);=e=x+(—x),

=2>x+(—x);=x+(—x),.

According to the first statement, x + y = x + z derives y = z, we have,

x+ (=x); = x + (—x),

= (=x)1 = (=x)2.

Therefore, we can’t have two different inverses for element x, the additive inverse of x is unique.

d. If xy = xz and x # 0, what can we conclude?



Answer For regular ring, we can’t conclude y = z. But if the ring R is also a infegral domain, that is a
commutative ring with identity and for every a, b € R such that ab = 0, eithera = 0 or b = 0,

then we can conclude y = z.
Xy = xz
>xy—xz=xz—xz=0
=>xy—xz=0
=>x(y—2z)=0
>x=0o0ry—-—z=0
>y—z=0

=>y—z+z=0+z

>y=z.
e. What if xy = xz and x has a multiplicative inverse? (In this case, R must have an identity
element 1)
Answer We can conclude y = z. In this case when we have a multiplicative identity.
L y) = (x2)
= = —. . = —. .
xy=xz=>—-(x-y)=2-(x-z
o)y =) emtmn
= (- v == r=1- =1.
) y=\x) = y x
>y=z
f. x0=0x=0
Answer We will start from the left side.

x-0=x-(04+0)=(-0)+(x-0)
=2x-0=&-0)+(x-0)
S@-0+(-x-0)=>x-0+x-0+(-(x-0)

=>0=x-0.

g. x(=y) = —xy



Answer We will derive the given statement from x0 = 0.

x-0=0
>x-(y+(=y)=0
@ y+E-(=»)=0
> xy e (-y)

=>x-(-y)=—x-y.

h. —x(y) = —xy

Answer We will derive the given statement from 0y = 0.
0-y=0
>((—x)+x)-y=0
=>(x)-y+x-y=0
2 (-x)-y=-xy
>—x-(yY)=—xy.

Problem C: Let R be aring and a € R. Prove that {x € R: ax = 0} is a sub-ring of R.

Answer Let G = {x € R:ax = 0}and x; € G,x, € G. G is closed by addition.

ax; +ax, =0+0=0
=2>a-(x;+x,)=0
>x;+x, €G.
G is also closed by multiplication.
ax; =0
= (ax;) - x, =0-x, =0 sincex €R
= a-(xx,)=0

= X%, EG.

Axiom 1, 2, 5, 6 hold because x € R for all x € G. G also has an additive identity, which is the

same, 0, as R’s



x+0=x
2a-(x+0)+a-x
>(a-x)+(@-0) =a-x
=a-0=0
>0€G.
Every element in G has an additive inverse, which is the same as in R.
x+(—x)=0
sa-(x+(-x)=a-0

=>(a-x)+(a‘(—x)) =0=a-x

2a-(—x)=0
>-x€G.
Problem D: Consider the integers with the operations

a®b=a+b-1

a®Ob=a+b—ab

Show hat this defines a commutative ring with unit.

Answer Since (a + b — 1) and (a + b — ab), where a, b € Z, are always integers, the given groupoid G is

closed under addition and multiplication. G is commutative with respect to the addition operation.

a®b=a+b—-1=b®@a.

G is distributive with respect to the addition operation.
a®@b@®c)=a®b+c—-1)
=a+Mb+c-1)-1
=a+b+c—-2
(@a®b)®Dc=@+b-1)Dc
=(a+b-1)+c—-1
=a+b+c—-2

25a@®@bPc)=(a@®b)Dc.



There is an additive identity, 1, in G.

a®Pl=1®a=a+1-1=a.
There is a additive inverse, (2 — a), foralla € G.

a®-a)=a+Q2-a)—1=1.

G is distributive with respect to the multiplication operation.
a®QbOc)=a® (b+c—bc)

=a+(b+c—bc)—alb+c—bc)

abc —ab—ac—bc+a+b+c
@®Ob)Oc=@+b—ab)Oc
=(a+b—-—ab)+c—(a+b—ab)c
=abc—ab—ac—ab+a+b+c
2a0bBO)=@ObOc.
The multiplication operation distribute over addition.
aOQb®c)=a®Ob+c—-1)
=a+b+c—-1)—ab+c—-1)

=—ab—-—ac+b+c—-1

@Ob®@O®c)=((a+b—ab)® (a+c—ac)

a+b—ab+a+c—ac—-1

=—ab—-—ac+b+c—-1

25a0b@c)=@Ob)®@Oo0).

The multiplication operation is commutative.

a®Ob=bOa=a+b—ab.

There is a multiplicative identity, 0.

a®O0=00Qa=a+0—a0=a.

In summary, integer group with operationsa@®@ b =a+b—-1landaOb=a+b—abis a

commutative ring with unit, 0.



Problem E: Can every ring be embedded into a ring with a iplidative identity? How?

Answer Yes, any ringR can be embedded into a ring with a multiplicatidgentity. We define a set of
ordered pairsG = {(n,r)|n € Z,r € R} with the following operations.

nr)y+(ms)=m+mr+s)
(n,r)-(m,s) = (nm,ns + mr +rs)
We will also define the following elementary opévatfor nr, wheren € Z, r € R.
0 ifn=20

_Jr+r+--+r ifn>0

nr = -
n times

\ —((-mr) ifn<o0

We can show that is a ring with multiplicative identity. Obviously is closed under addition,
sinceZ, R are rings anet + m € Z andr + s € R.

r+5s €R sincer €R,s € R,Risaring
n+me€Z sincen € Z,m € v,Zis aring

=>Mm+mr+s)eQG.

G is also closed under multiplication. Accordinglie definitionyir € R

ns ER,mr €R

rs ER sincer € R,s € R,Risaring
>ns+mr+rseR

nm € Z sincen € Z,m € v, Zis aring

=>mmns+mr+rs)EG.

G is commutative under the addition operation.
nr)+(ms)=m+mr+s)
ms)+(nr)=m+n,s+r)
=>n+m=m+n sinceZisaring
=>r+s=s+rsince Risaring

=>mr)+(m,s)=0m,s)+ (nr).



G is associative under the addition operation.
)+ ((ms)+ (o,t)) =)+ (m+o0,s+1)
=nm+m+o,r+s+t)
(1) + ms))+ (0,6) = (n+mr+s)+ (o,t)
=(m+m+or+s+t)
=>mr)+(ms)+(0,0)= ((nr)+(ms)) + (o,t).

G has a additive identit§0, 0).

(n,r) +(0,0) = (0,0) + (n,r) = (n,r) since ZR arerings.
Every element(n,r), in G has an additive inversé:n, —r)
(n,r) + (—n, —r) = (0,0) since Z R are rings.

G is associative under the multiplication operatidfotenr, + nr, = n(r; + ), nyn,r = nyn,r,

rnr, = nrr, wheren,n,,n, € Z,r,r,;,1, € R.
(n,r)- ((m, s) - (o, t)) = (n,r) - (mo, mt + os + st)
= (nmo,n(mt + 0s + st) + mor + r(mt + os + st))
= (nmo,nmt + nos + nst + mor + rmt + ros + rst)
((n, r) - (m, s)) -(0,t) = (nm,ns + mr +rs) - (o,t)
= (nmo,nmt + o(ns + mr + rs) + (ns + mr + rs)t)
= (nmo,nmt + ons + omr + ors + nst + mrt + rst)
=>mr)-((ms) (0,0)= ((n,r)-(mys))-(o,t).
The multiplication operation is distributive ovetdition.
(nr)-((ms)+ (0,t)) = (1) - (m+o0,s+1)
=(mm+o),n(s+t)+(m+o)r+r(s+t))
= (nm +no,ns + nt + mr + or + rs + rt)
(n,7)-(m,s) + (n,r) - (o,t) = (nm,ns + mr +rs) + (no,nt + or + rt)
= (nm+no,ns + mr+rs+nt+or+rt)

=>mr)-((ms)+(0,0)= (nr) - (ms)+ ®n7r) (ot).



G has a multiplicative identity(1,0).
() - (1,0) = (n1,n0 + 1r + r0)
=)
(1,0) - (n,7) = (1n, 1r + n0 + 0r)
=(nr)
> mr)-(1,0)=(1,0)- (n,r) = (n,7).

In summary, we've shown that any riRgcan be embedded into a ring with multiplicativeritty.
Namely, the newly created ring(s, ), wheren € Z andr € R.



