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Question 2:

Answer:

Let G be a group and fix an element a € G. Show that themapy : G - G by y(x) = a *xais an

automorphism. (This map is called conjugation by a.)

We need to prove two conditions, y is a one-to-one map and y is a homomorphism. Then, we

can conclude that y is an isomorphism over itself, and thus y is an automorphism.

We will first show ¥ is a one-to-one map. Let x;,x, € G,and a™x;a = a”lx,a.
alxa = a lxa

1 1

= aa x;aat = aa lx,aa”

=X =X,.

Now we will show that y is a homomorphism from G to itself. Let x;,x, € G
Y(x1xz) = a”'x x50
=alx; - (aa™t) - xa
= (a 'x;a) - (a"1x,a)

=y(x) y(x2) .

At this point, we've shown thaty : G — G is an isomorphism from G to itself, y is therefore an

automorphism.

Let N < G. Prove thatif x 'Nx S N for every x € G, then in fact x *Nx = N for every x € G.

We need to show for any n; € N, we also have n; € x *Nx. In other words, n; = x~n,x, for all

X € G and for some n, € N.
x INx S N

= x n;x =n, forallx € G and somen, € N



Question 3:

Answer:

Answer:

= xx Ingxx™t = xn,xt

=>n, =xn,x forallx €G
=>n, € x Nx.

So, we've shown that for any n; € N, it follows thatn; € x INx. Therefore, N € x 'Nx, and

since x INx € N. N = x 'Nx holds for all x € G.

Let H < Gand N < G.

Show that NH = HN.

We need to show for any x; € NH, it follows x; € HN, and for any x, € HN, it follows x, € NH.
Let’s have x; = nyh; € NH, wheren; € Nand h; € H.

nyhy = hihin hy = hyn, for somen, € N
= n,h; € HN
= x € HN forany x € NH

= NH € HN .

Similarly, we can prove for any x, € HN, x, € NH also holds, HN € NH. Therefore, NH = HN.

Prove that HN is a subgroup of G, indeed, the smallest subgroup containing both H and N.

We will first show that HN is a subgroup of G. HN is closed under the group operation, . Let’s
have x; = hyn, € HN and x, = hyn, € HN, where ny,n, € N and hy, h, € H. Since NH = HN,

n,h, = hyn forsomen] € N and h), € H
= XX, = hyn hyn, = hihynin,

= x1x, € HN .

The group operation is associative, since NH = HN is a sub set of G. The identity, e € HN.

N<G=>e€EN
H<G=>e€eH

=>ee=e€HN.



Answer:

The inverse of x = hn € HN, where h € Handn € N,isx™ ! =n~th™ 1
NH = HN
>xt=((hn)t=n1h"teHN.

At this point, we've shown that HN satisfies the conditions for a group, and HN is a subset of G.
HN is, therefore, a subgroup of G.

We also need to show that HN is the smallest subgroup containing both H and N. It is clear that
H S HN and N € NH.

h€H = h=nhe €HN

neN>n=en€HN.

Assume there is another set 0, such that 0 < G,H € O, N € 0, and O € HN. We can pick an
element hn from HN, where h € H andn € N, and hn ¢ O.

We have a contradictory.
heEHn€eN
> hneo

> hneo.

The assumption, hn & O, is therefore not true. There is no such element, x = hn € HN but

x & 0. In other words, HN = NH is the smallest subgroup of G that contains both H and N.

Whatis |[HN|?

|HN]| is the lest common multiple of |H| and |N|, and |HN| divides |G]|.

Provethat N< HNand HN N < H.



Answer:

Answer:

Answer:

We need to show that N is closed under conjugation over HN. So we want to show xnx~! € N

forany x € HN. Since N is a normal subgroup of G, xnx~* € N forany x € G.
Now we need to show that H N N is closed under conjugation over H. So we want to show
hah™* € HN N,wherea € HN N forallh € H.

a€HNN=>a€eN,a€eH

N<G,a€N=hah teN

H<G,a€eH=hah 'eH.

= hah ' € HN N forany h € H.

In summary, N is a normal subgroup of HN, and H N N is a normal subgroup of H.

Show that HN/N = H/(H N N).

Let’s define ¢ : H » HN /N and ¢p(h) = hN, where h € H. ¢ is clearly a homomorphism. Since
N < G, we have the following.

¢(h)@(hy) = (hyN)(hyN)
= hthN
= ¢(h,hy).
¢ is, in addition, onto. For any coset of N in HN, it can be written as AN, h € H, and ¢(h) = hN.

HN/N is therefore the image of ¢, Image(¢p) = HN/N. The kernel of ¢ is by definition,
{x: ¢(x) =N,x € H}.

¢(x)=xN=N=>x€N
=>x€Hx€EN
=>x€HNN

= Kernal(¢p) =HNN.

First Isomorphism Theorem states, if f : G; = G, is a homomorphism with kernel K, then the

image of f is isomorphism to G;/K. We've shown ¢ : H > NH/N is a homomorphism with
kernel H N N and image HN /N. Therefore, HN /N is isomorphic with H/(H N N).

If H and K are subgroups of G, is HK a subgroup?

Let’s assume the answerisyes. HK < Gif H < G and K < G. Let'shave x; = h;k; € HK, and
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Answer:

Question 5:

X, = hyk, € HK. We can derive the following relationship based on the fact that subgroup HK

is closed under the group operation.
X1x, = hik h,k, € HK
= hyk,h,k, = hsk; for some h; € Hand k; € K
= hith ik hykokyt = hithsksky?t
= kihy = (h7'h3) (ksk; ™)
= k,h, € HK forany k, € Kand h, € H
= KH € HK

The order of H and K shouldn’t matter > KH = HK .

This conclusion is clearly not true for general subgroups H and K. The answer should be No.

Let A and B be two finite subgroups of a group G. Show that if gcd(|4],|B]) =1,An B = {1}.

We will first prove AN B < Aand AN B < B. Let’shave x;,x, € AN B.
AL G=>xx, EA
B<G=xx, €EB

=>xx, EANB.

The group operation is associative since A N B is a subset of G. The identitye € AN B
A<G=>e€A
B<G=>e€B
>e€ANB.

The inverse of x EANBisx ' € ANB, sincex,x ' € Aandx,x ' € B. We've shown that

AN Bis a subgroup of A and B. Lagrange’s Theorem states, for any finite group G, the order

(number of elements) of every subgroup H of G divides the order of G. So, we should have
[A|=[A:ANB]-|AnBland [B|=[B:ANB]-|AnB|. |AnB|is, therefore, a common
divisor of |A| and |B|. We also know gcd(|4], |B|) = 1, the only divisor of |A]| and |B|is 1. So
[AnB]|=1,AnB = {e}.

Show that if G is a group with |G| = 2n, then G has an element of order 2. If nis odd and G is

Abelian show that there is only one such element.
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Question 6:

Answer:

We will first argue that if G is a group with |G| = 2n, then G has an element of order 2. Assume

we do not have any order 2 element. In other words, a € G and a™! € G are always distinctive

elements.

_ =i = =
G={ea,a,taza,™ " am,an '}

Since a; # a;~* for all a; € G except for e, we have |G| = 1 + 2m. This is a contradictory with

|G| = 2n. Therefore, at least one element, a’, has to pair up with itself. In other words,

a'=a'"t [a')] = 2.

Now we will show If nis odd and G is Abelian there is only one such element with order 2.
Assume we have more than one element with order 2. Let’s select two of such elements, s and t.

We can construct the following group.
H = {e, s, t,st}

From the group operation table shown below, we know that H is indeed a group, H < G.

e S t st
e e S t st
S S e st t
t t st e S
st st t S e

According to Lagrange’s Theorem, |G| = [G : H] - |H| = [G : H] - 4. However, |G| = 2n, where n

is an odd number. 4 does not divide |G|. This is a contradiction, We can have only one element

with order 2 in the given conditions.

Find (up to isomorphism) all groups of orders 1 — 7 and 10.

The list of small groups.

Group order Group Note
Gl =1 {e} e-e=e
|G| =2 {e,a} a-a=e
|G| =3 {e,a,a?} a-a’*=e
{e,a,a?, a%} a-a>=a*-a*=e¢e
|G| =4
{e,a,b,c} a-a=b-b=c-c=e
|G| =5 {e,a,a? a3, a*} a-a*=a*-a*=e
|G| =6 {e,a,a? a3 a* a%} a-a>=a*-a*=a%-a®=e
G| =7 {e,a,a? a3 a* a% a®} a-a®=a*-a°=a%-at=e

|G| =10 {e,a,a?,a? a* a5 a® a’,ab a’} a-a®>=--=a°-a°=e



