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Chapter 1.9 Homomorphisms 

Exercise 4: Determine ��� � for the following groups. 

a. � is an infinite cyclic group. 

Answer: An infinite cyclic group is isomorphic to the additive group of integer �.  ��� � contains two 

elements.  Infinite cyclic group, �, has two generators 1 and �1.  We can have 	
�1� 
 1 and 

	��1� 
 �1. 

 �� �2 �1
� �2 �1

0
0

1 2 �
1 2 �� , �� �2 �1

� 2 1
0
0

1 2 �
�1 �2 �� 

b. � is a cyclic group of order six.  

Answer: Cyclic group of order � is isomorphic to �/�� written addictively.  So � � �/6�.  The theorem of 

automorphism group of the cyclic group states �/��’s automorphism group is ��/����, where 

��/���� is the multiplicative group of all integers modulo � which are relatively prime to �.  

They form a group under multiplication modulo �.  For � 
 6, ��/6��� 
 �1, 5�.  So ��� �, 

where � is the cyclic group of or six, has two elements.  We can have 	
�1� 
 1 and 	��1� 
 5. 

 �0 1 2
0 1 2

3 4 5
3 4 5� , �0 1 2

0 5 4
3 4 5
3 2 1� 

c. � is any finite cyclic group. 

Answer: For any finite cyclic group the theorem above holds.  ��� � 
 ��/����, where ��/���� is the 

multiplicative group of all integers modulo � which are relatively prime to �.  They form a group 

under multiplication modulo �.  For example, ��/8��� 
 �1, 3, 5, 7�. 

Exercise 5: Determine ��� !"  

Answer: The symmetric group !" is a permutation group of order 3! 
 6.  If we use the permutation cycle 

notation for a given permutation, the multiplication table of !" can be expressed as below: 



 . | (1)(2)(3) (12)(3) (1)(23)  (2)(13) (123) (321) 

 (1)(2)(3) | (1)(2)(3) (12)(3) (1)(23) (2)(13) (123) (321) 

 (12)(3) | (12)(3) (1)(2)(3) (321) (123) (2)(13) (1)(23) 

 (1)(23) | (1)(23) (123) (1)(2)(3) (321) (12)(3) (2)(13) 

 (2)(13) | (2)(13) (321) (123) (1)(2)(3) (1)(23) (12)(3) 

 (123) | (123) (1)(23) (2)(13) (12)(3) (321) (1)(2)(3) 

 (321) | (321) (2)(13) (12)(3) (1)(23) (1)(2)(3) (123) 

For simplification purpose, we can use % 
 (1)(2)(3) , &
 
 (12)(3) , &� 
 (1)(23), &" 
 (2)(13), 

'
 
 (123) , '� 
 (321).  The multiplication table is re-written as the following: 

 .  | % &
 &� &" '
 '� 
 e | e τ
 τ� τ" σ
 σ� 
 τ
 | τ
 e σ� σ
 τ" τ� 
 τ� | τ� σ
 e σ� τ
 τ" 
 τ" | τ" σ� σ
 e τ� τ
 
 σ
 | σ
 τ� τ" τ
 σ� e 
 '� | '� &" &
 &� % '
 
In this group, two elements, '
 and '� have order 3; three elements &
, &�, and &" have order 2; 

one element % has order 1.  Isomorphisms send elements to elements with the same or der.  So, 

there are two ways to map '
 and '�.  Let’s call the constructed automorphisms 	.  We can have 

	�'
� 
 '
 or 	�'
� 
 '�.  When 	�'
� 
 '
, we can construct three different automorphisms, 

one of which is the identity mapping: 

 �% &
 &� &" '
 '�% &
 &� &" '
 '�� , �% &
 &� &" '
 '�% &� &" &
 '
 '�� , �% &
 &� &" '
 '�% &" &
 &� '
 '�� 

When 	�'
� 
 '�, we can construct three different automorphisms:  

 �% &
 &� &" '
 '�% &
 &" &� '� '
� , �% &
 &� &" '
 '�% &� &
 &" '� '
� , �% &
 &� &" '
 '�% &" &� &
 '� '
� 

So ��� !" has 6 elements, and they are the 6 automorphisms mapping from !" to !" itself as 

listed above. 

Exercise 6: Let + , � , a group, and define the inner automorphism (or conjugation) -.  to be the map 

/ 0 +/+1
 in �. 

a. Verify that -.  is an automorphism. 



Answer: First we will show that -.  is a group homomorphism. 

-.�/� 2 -.�3� 
 +/+1
+3+1
 


 +/3+1
 


 -.�/3� . 

Then we will show that -.  is an isomorphism, -.  is a bijective group homomorphism.  -.  is a onto 

map.  For any 3 , �, there is a / , �, such that +/+1
 
 3, where + , � is a fixed element. 

� is closed under group operation 

A +1
3+ , � 

A +1
3+ 
 / , � 

A 3 
 +/+1
, where / , � . 

-.  is a one-to-one map.  For any +/
+1
 
 +/�+1
, it follows that /
 
 /�. 

+/
+1
 
 +/�+1
 

A +1
�+/
+1
�+ 
 +1
�+/�+1
�+ 

A /
 
 /� . 

In addition, -.  is a map from � to � itself, so -.  is an automorphism. 

b. Show that + 0 -.  is a homomorphism of � into ��� � with kernel the center D of �.  Hence 

conclude that -�� � E �-.  | + , �� is a subgroup of ��� � with -�� � � �/D.  

Answer: We will first show that the map  	: + 0 -.  is a homomorphism.  Let’s call 	�+H� 
 -.I . 

	�+H��/� 
 �+H�/�+H�1
 

A 	�+H��/� 
 +H/H1
+1
 . 

	�+� J 	�H� 
 -. J -I, is the function composition that projects / first by -I  and then by -., 

	�H��/� 
 H/H1
 

	�+��H/H1
� 
 a�H/H1
�+1
 

A K	�+� J 	�H�L�/� 
 +H/H1
+1
 . 

Hence, we’ve shown these two maps are the same, 	�+H� 
 	�+� J 	�H�.  In addition we have 

+ , � and -. , ��� �.  Map 	: + 0 -.  is, therefore, a homomorphism from � into ��� �. 

 



We will then show the kernel of this group homomorphism is the center D of �.  Recall the 

definition of the center of a group, 

D��� 
 �M , � | MN 
 NM for every N , �� . 

The identity element in ��� � is the identity map, -R , where -R�/� 
 / for all / , �.  If we have 

+ , S%T�	�, we can derive that + is also in the center D, + , D. 

+ , S%T�	� 

A -.�/� 
 +/+1
 
 / 

A +/ 
 /+ for every / , � 

A + , D . 

If we have H , D, we can derive that H is also in the kernel of 	, H , S%T�	�. 

H , D 

A H/ 
 /H for every / , � 

A H/H1
 
 / 

A H , S%T�	� . 

So we’ve shown the kernel of the group homomorphism  	: + 0 -.  from � to ��� � is D of �.  

According to the first isomorphism theorem �/S%T�	� 
 �/D  is isomorphic to -UN�	� 

�-.  | + , ��.  In other words, -�� � � �/D. 

c. Verify that -�� � is a normal subgroup of ��� �.  ��� �/-�� � is called the group of outer 

automorphisms. 

Answer: Let have /, + , �, 	. , -�� � and V , ��� �.  We need to show V J 	 J V1
 , -�� �.  Since V is 

a homomorphism, V�W 2 X� 
 V�W� 2 V�X�, and V�W1
� 
 V1
�W�, where W, X , �. 

 V J 	. J V1
�/� 
 V J 	.KV1
�/�L 


 V�+ 2 V1
�/� 2 +1
� 


 V�+� 2 VKV1
�/�L 2 V�+1
� 


 V�+� 2 / 2 V�+1
� 


 V�+� 2 / 2 V1
�+� . 

Therefore, -�� �  is conjugate over ��� � , -�� �  is a normal subgroup of ��� � , with the 

quotient group ��� �/-�� �, the outer automorphisms. 



Exercise 11: Let � be a finite group, Y an automorphism of � and set - 
 �N , � | Y�N� 
 N1
�. 

a. Suppose |-| Z 3/4|�|, show that � is abelian. 

Answer: First I’ll fix an element / in -, and construct a subset of �, /- 
 �N , � | N 
 /[, \[ , -�.  It is 

easy to show that |-| 
 |/-|.  Let’s say - 
 �[
, [�, � , []�, |-| ^ |/-| if and only if no two elements 

become the same after the left multiplication with /.  If there are two elements becoming the 

same, we have the following conclusion. 

/[_ 
 /[`  
A /1
/[_ 
 /1
/[`  
A [_ 
 [` . 

This is a conflict, no two elements in a set are the same.  So |-| 
 |/-|.  Now we have the 

following configuration of the group �. 

 

Meanwhile, since |-| Z 3/4|�|, we have |-| 
 |/-| Z 3/4|�|.  Clearly the intersection of - and /- 

has to be more than 1/2|�|. 
|-| a |/-| � |- b /-| 
 |- c /-| d |�| 
A |- b /-| e |-| a |/-| � |�| 

Z 3
4 |�| a 3

4 |�| � |�| 


 1
2 |�| . 

Let’s pick an element 3 , - b /-.  Since 3 , /-, 3 can be written as 3 
 /f, for some f , -. 

/3 , - A Y�/3� 
 �/3�1
 
 31
/1
 
/ , -, 3 , - A Y�/3� 
 Y�/�Y�3� 
 /1
31
 
A 31
/1
 
 /1
31
 



 

A 331
/1
3 
 3/1
31
3 

A 3/ 
 /3 . 

Hence we conclude that for any 3 , - b /-, 3 is commutative with /.  In other words - b /- is 

contained in the centralizer of /, 

- b /- g Dh�/� . 

As we know centralizer is a subgroup, Dh�/� d �.  According to Lagrange's theorem, the order of 

the subgroup must divide the order of the group. Since |Dh�/�| is greater than half the order of 

the group, it must be the whole group. 

|Dh�/�| e |- b /-| Z
1

2
|�| 

A Dh�/� 
 � . 

So / is commutative with the entire group �.  Therefore / , D��� for any / , -, where D��� is a 

subgroup of �, namly the center of �.  In other words, - g D���. 

- g D��� 

A
3

4
|�| i |-| d |D���| 

A |D���| Z
1

2
|�| 

A D��� 
 � . 

By definition, the center of a group is a commutative subgroup, therefore � is abelian. 

b. If |-| 
 3/4|�|, show that � has an abelian subgroup of index 2.  

Answer: Follow the same logic as the previous question, we have |- b /-| e 1/2|�|. 

|-| a |/-| � |- b /-| 
 |- c /-| d |�| 

A |- b /-| e |-| a |/-| � |�| 

e
3

4
|�| a

3

4
|�| � |�| 



1

2
|�| . 



Further, every element in |- b /-| is commutative with the fixed element, /, which was used to 

construct the set /-.  We derived that - b /- g Dh�/�. 

|- b /-| e 1
2 |�| 

A Dh�/� e
1

2
|�| . 

Case #1: If Dh�/� 
 1/2|�|, then we have |- b /-| 
 |Dh�/�| 
 1/2|�|.  So we’ve found a 

subgroup Dh�/� 
 - b /- of � that has an index of 2.  We can prove that - b /- is commutative.  

Let’s have /[
, /[�, /[ , - b /-, where [
, [�, [ , -.  We will first show /[ 
 [/. 

/[ , - b /- 

A Y�/[� 
 �/[�1
 
 [1
/1
 

Y�/[� 
 Y�/�Y�[� 
 /1
[1
 

A [1
/1
 
 /1
[1
 

A /[ 
 [/ . 

Now, we will show - b /- is commutative.  Since - b /- is a subgroup, it is closed under the group 

operation. 

/[
/[� , - b /- 

A /[
/[� , - 

A Y�/[
/[�� 
 Y�/[
[�/� 
 �/[
[�/�1
 
 /1
[�
1
[


1
/1
 

Y�/[
/[�� 
 Y�/�Y�[
�Y�[��Y�/� 
 /1
[

1
[�

1
/1
 

A /1
[�
1
[


1
/1
 
 /1
[

1
[�

1
/1
 

A [

1
[�

1
 
 [

1
[�

1
 

A [
[� 
 [�[
 

A /�[
[� 
 /�[�[
 

A /[
/[� 
 /[�/[
 . 

Hence we’ve shown if Dh�/� 
 1/2|�|, - b /- 
 Dh�/� is what we’re looking for.  - b /- 


Dh�/�  d �, - b /- 
 Dh�/� is commutative, and j�: - b /-k 
 j�: �h�/�k 
 2. 

 

Case #2: If Dh�/� Z 1/2|�|, then just like the previous question, we can derive that � is an 

abelian group.  We can prove that under this condition, - b /- is a abelian subgroup of �.  Since 

� is abelian, we just need to show that - b /- is a subgroup of �, - b /- d �. 



 

First we will show that - b /- is closed under the group operation.  We will show /[
/[� , - first. 

�/[
/[��1
 
 �[�/[
/�1
 
 /1
[
1
/1
[�1
 

Y�/[
/[�� 
 Y�/�Y�[
�Y�/�Y�[�� 
 /1
[

1
/1
[�

1
 

Y�/[
/[�� 
 �/[
/[��1
 

A /[
/[� , - . 

At the same time, we can show /[
/[� , /- as well 

Y�[
/[�� 
 Y�[�/[
� 
 [�
1
/1
[


1
 
 �[
/[��1
 

A [
/[� , - 

A /[
/[� , /- . 

Together we have, /[
/[� , - b /-.  - b /- is closed under the group operation.  Also it is clear 

that the inverse of /[ is in - b /-. 

Y��/[�1
� 
 Y�[1
/1
� 
 [/ 
 /[ A �/[�1
 , - 

Y�/1
[1
/1
� 
 /[/ 
 �/1
[1
/1
�1
 

A /1
[1
/1
 , - 

A /�/1
[1
/1
� 
 �/[�1
 , /- 

A �/[�1
 , - b /- . 

At this point, we’ve shown that if Dh�/� Z 1/2|�|, �  is an abelian group, and - b /-  is a 

subgroup of �.  Since 3/4|�| e |- b /-| e 1/2|�|, and a subgroup can’t be larger than half of 

the size, |- b /-| 
 1/2|�|. 

 

In summary of Case #1 and Case #2, regardless of � is an abelian group, or non-abelian group 

with a 3-4 automorphism, - b /- forms an abelian subgroup of � with an index of 2. 

Course Website Exercises 

Exercise 2: Let � be a simple group with more than 2 elements. Suppose l: � 0 !m  is a homomorphism. 

a. Show that l��� d �m. 



Answer: Since l: � 0 !m  is a homomorphism, according to the first isomorphic theorem, the quotient 

group of the kernel of this homomorphism is isomorphic to the image of this homomorphism 

 

�/S%T�l� � -UN�l� d !m  

S%T�l� n � because the kernel of a homomorphism is a normal subgroup.  Since � contains 

only two normal subgroups, the trivial normal subgroup, �%�, and itself.  Hence, S%T�l� is either 

�%� or �.  If S%T�l� 
 �, we have the following conclusion, and we are done. 

o �
S%T�l�o 
 o��o 
 1 
 |-UN�l�| 

A -UN�l� 
 �pR� i �m 

A -UN�l� d �m  . 

If S%T�l� 
 �%�, we have a situation that pR , �m, pR , -UN�l� and we want to determine 

whether or not -UN�l� d �m.  Since �m b -UN�l� ^ q, the relationship of �m and -UN�l� is 

one of the two illustrated below: 

Case #1: Case #2: 

Ak

Img

G Sk

se

e

Ak

Img

G Sk

se

e

 

Let’s assume it is Case #1, -UN�l� r �m.  Let’s call �m b -UN�l� 
 s.  Since �m i !m  and 

-UN�l� d !m, the intersection, s, is also  a subgroup of !m, s i -UN�l� d !m.  This is based on 

the fact that intersection of subgroups is also a subgroup. 

 

In fact, we can show that s is a normal subgroup of -UN�l�, s n -UN�l�.  Let have /, 3 ,
-UN�l� and / , s but 3 t s. 

 



/ is an even permutation and 3 is an odd permutation.  31
 is also an odd permutation since the 

inverse of an odd permutation is still odd.  3/31
 is even, because the composition of two odd 

permutations and an even permutation is even.  So we have the following conclusion: 

3 J / J 31
 , s 

A s n -UN�l� . 

On the other hand, Since �/S%T�l� � -UN�l�  and S%T�l� 
 �%� , we have � � -UN�l� .  

According to the problem set, � is a simple group.  Hence, -UN�l� is also a simple group.  By 

definition, simple groups do not have proper normal subgroups other than the trivial group.  In 

other words, s 
 �pR�. 

 

We also have the fact that for any subgroup, !uvI  of !], it contains all even permutations or it 

contains exactly half even permutations and half odd permutations.  It is clear a subgroup may 

contain all even permutations, such as �m.  If there is an odd permutation pwxx , we can construct 

a map from !uvI  to !uvI , y: p z pwxx .  This map sends all even permutations to an odd 

permutation, and odd permutations to an even permutation.  So these two kinds of 

permutations need to have exactly the same counts. 

 

Since the even permutation subgroup of -UN�l� contains only one element, pR , we can derive 

|-UN�l�| 
 2 
 |�|.  According to the question, however, |�| Z 2.  This is a conflict.  Case #1 is 

not true.  Therefore, we’ve shown -UN�l� d �m for S%T�l� 
 �%� as illustrated in Case #2. 

 

In summary, we’ve proven -UN�l� d �m regardless of S%T�l� 
 �%� or S%T�l� 
 � for simple 

group �, with |�| Z 2. 

b. Use this to show that if { i �, where j�: {k 
 |, then |�| d |!/2. 

Answer: According to Theorem 16 in the lecture, there is a group homomorphism from �  to !m , 

	: � 0 !m, defined as N z }~, where }~�/{� 
 N/{ for all / , �.  Let’s call the kernel of this 

homomorphism �.  We can construct the quotient group �/� since � is a normal subgroup of �.  

According to the first isomorphic theorem, �/� � S, where S d !m. 



Since � is a simple group, the only normal subgroups it has are the trivial group, �%�, and itself.  

If � 
 �%�, as we’ve shown in the previous question when � 
 S%T�	� 
 �%�, we have: 

� � -UN�	� d �m 

A |�| d |�m| 

A |�| d |!
2  . 

When � 
 � it implies that N z }R, where }R�/{� 
 N/{ 
 /{ for all / , �.  In other words, 

according the theorem 16, 

� 
 S%T�	� 
 D�T%h�{� 
 � 

This is a conflict.  Based on the definition of D�T%h�{�, it is the largest normal subgroup of � 

contained in {.  Since { is a proper subgroup of �, D�T%h�{� has to be a proper subgroup of � 

as well. 

{ i �, � d { 
A � i � . 

In summary, if a simple group �  has a proper subgroup {  with index | , the group 

homomorphism 	: � 0 !m, defined as N z }~, where }~�/{� 
 N/{ for all / , �, has a trivial 

kernel.  And the following statement holds: 

� � -UN�	� d �m 

A |�| 
 |-UN�	�| d |!
2  . 


