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In-Class Exercise

Question: Let (L,V,A, ) be a lattice. Definex < ybyx Ay = x.
a. Show that < is a partial order.
Answer: According to the definition of partial order relation. I need to show that <is reflexive,

antisymmetric, and transitive. Since (L,V,A, ) is a lattice, the meet of an element with itself is

itself. Hence < is reflexive.

Assume x < y and y < x both hold. We can prove that this assumption is followed by x = y.

Hence the relation < is antisymmetric.
X<ys>xAy=x
YVSX>YAX=XAYy =Yy

Sx=y.

Assume x < y and y < z hold. We can derive that x < z holds. The relation < is transitive.
X<y=>xANy=x
y<zZz2yAz=Yy
>xAz=XAYy)Az
=xA(yAz)
=xAy
=Fx

>x<z.

In summary, if (L,V,A, ) is lattice, x < y is defined by x A y = x, then < is a partial order relation.



b. Show that glb(x,y) = x Ay and lud(x,y) =xVy.

Answer: We'll first show glb(x,y) = x Ay. Let glb(x,y) = z. Since we've shown <is a partial order

relation, according to the definition of the greatest lower bound, we have:
Z<X,Z<Yy

ifz <xandz' <ythenz <z.

Using the first condition, z < x and z < y, we can derive Z < x A Y.
Z<x,Z<Yy
S>XNz=2Z,YyYNZ=1Z
>2xANz=xAYAZz)
=xXAy)Az
=z

>Z<xANYy.

Using the second condition, if z' < x and z’ < y then z' < z, we can derive thatx Ay < z.
XAXAY)=((AX)AY
=xAy
SXANYy<x
yA@EAY) =y Ay Ax)
=AY Ax
=yAX
=xAy
SxXANYy <y
SXANYy<2z.

At this point, we have z < x Ay and x Ay < z. According to the antisymmetric rule of a partial

order set, the two elements, z and x A y are the same. Hence x Ay = z = glb(x, y).

Similarly we can show that lup(x,y) = x V y. But first we will prove that a A b = a if and only

ifaV b = b. We will prove with the absorption law on the lattice operations.
ahNb=a

> (aAb)vb=b=aVbh.



In other words, according to its definition, the partial order relation, <, has the following

relations with the lattice operations, A and V.
a<beoanb=a

a<bsavVvb=hb.

Let lup(x,y) = z. Since we've shown < is a partial order relation, according to the definition of

the least upper bound, we have:
X<zy<z

ifx<z'andy <z'thenz<2z'.

Using the first condition, x < zandy < z, we can derivex Vy < z .
X<z,y<z
>xVz=2zyVz=z

>xVz=xV(yVz)

(xVvy)Vvz
=z

>xVy<z.

Using the second condition, if x < z’ and y < z’ then z < z’, we can derive that z < x V .

xVxVvy)=xVvVx)Vy
=xVy
>x<xVy
yvxvy) =yVv(yVvx)
= VvyVvx
=yVx
=xVy
>y<xVy
>z<xVy.

At this point, we have x Vy < zand z < x Vy. According to the antisymmetric rule of a partial

order set, the two elements, z and x V y are the same. Hence x Vy = z = lub(x, y).



