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Question 19

Answer:

Answer:

a.

Let K be an extension of F' of degree n.

For any a € K prove that « acting by the left multiplication on K is an F'-linear transfor-
mation of K.

First we view K as a vector space of F since K is an extension of 7. Now we want to
evaluate the map of left multiplication by a fixed element o € K, which we shall call f, :
K — K, defined by f, (k) = ak, where k € K. According to the definition of being a linear
transformation, we want to show f, (z +vy) = fa () + fa (y), and f, (cx) = cf, (r)where
z,y€ Kandce F.

fa(x+y) = alz+y)

= ar+ay

= fal(x)+ fa(y).
falc-z) = a-cx

= c-ax

¢ fol(x).

We've shown that o € K acting by the left multiplication on K is an F'-linear transforma-
tion. This is done by viewing K as a vector space of F' and proving the properties of being
a linear transformation.

Prove that K is isomorphic to a subfield of the ring of n x n matrices over F, so the ring of

n X n matrices over F' contains an isomorphic copy of every extension of F' of degree < n.

In the previous question, we've shown that for any o € K, the map f, is a F-linear trans-

formation. So the following map is well defined.

v: K — M, (F)

p:k— fi.



We can show that this map is a ring homomorphism from the field K to the ring M,, (F).

We will first show that the map ¢ preserves the addition operation.

@ (ki +ka) = foiths
Jryvks () (k1 + ko) -
= kix+ kox
= [, (@) + fi, ()
= ¢ (k1) + ¢ (k2)
= ¢ (k1 + k2) @ (k1) + ¢ (k2) -

We now show that the map ¢ preserves the multiplication operation, which is the function
composition for f; and the matrix multiplication in M,, (F).

@ (ki-k2) = ferk
frv ko (£) = (k1 ko) -z
= kikox
= [k, (kaz)
= fi (ko (7))
= ¢ (k1) ¢ (k)
=@k k) = @(ki) p(k2).

(
(

We can show this ring homomorphism is injective, and hence K = img (¢) < M,, (F). Let

fr, = fr,, we want to show this happens only when &, = k».

fer = frs
]fll‘ = k‘gl‘
klI - ]{QI =0

(k1 —ko)x =0, Vx € K
k1 — ko =0, -.- K is an integral domain

k1 = ks.

R

Therefore, ¢ is an injective map, and K 2 img (¢) < M, (F). Hence M,, (F') contains an
isomorphic copy of K, which is an extension of F' with degree n.

Let’s have K’ be an extension field of 7', and [K’ : F] = m < n. From the previous conclu-
sion, we know that M,, (F') contains an isomorphic copy of K’. Since M, (F')is a subring
of M, (F), M,, (F) also contains an isomorphic copy of K’. Therefore M,, (F') contains an

isomorphic copy of every extension of F' with degree < n.



Question 20-1 Show that if the matrix of the linear transformation “multiplication by a” considered in

the previous exercise is A then « is a root of the characteristic polynomial for A.

Answer: As shown previously, we can view the “multiplication by o” as a F'-linear transformation,
A € M,, (F). In other words, we have the following relation, where o, k¥ € K and « is fixed.

It is obvious that « is an eigenvalue of A, which is a root of A’s characteristic polynomial

by definition. So « is a root of the characteristic polynomial of A.

Question 20-2 This gives an effective procedure for determining an equation of degree n. Use this pro-
cedure to obtain the monic polynomial of degree 3 satisfied by v/2 and by 1 + /2 + V/4.

Answer: We will first determine the monic polynomial of degree 3 satisfied by /2. Basically, we
need to determine the F-linear transformation A that corresponds to {/2, and the charac-
teristic polynomial of A is the monic polynomial satisfied by +/2. Let’s consider a basis of
K as a vector space over F. One such basis is{l, 2, \3/11} . A typical element in K can be
expressed as a vector over F.

ke K
k=a-1+b-V2+c- V4

a
k=11b|,abcePF.

c

Plug this informationin A - k = « - k, we can solve A.

a a
A-| b = V2|
C C

= %'(a~1+b'€f2+c-\3/i)

= a-V24b-Vitec-2
00 2

= A=|[1 0 0

01 0



Let’s verify this solutions of A.

= 2-1+a-V2+b-V4

a
= V2|
C
Now we find the characteristic polynomial of A.
0 0 2 x -2
det|x-Is— | 1 0 0 = det -1 =z 0
0 1 0 0 -1 =«
z 0 -1 =z
= x-det —2-det
-1 =z 0 -1

= 28 -2.

The monic polynomial of degree 3 satisfied by /2 is 2° — 2.

Similarly, for 1 + /2 + /4, we first determine a basis of K as a vector space over F. One
such basis is {1, V/2, v/4}. Plug this information in A - k = « - k, we can solve A.

a a
A-lb | = (1+\‘°/§+{”/1)- b
C C

= (14324 V1) (a 14 V24 V)
= (a+2b+2)+(a+b+2)-V2+ (a+b+c)- V4

1 2 2
= A=1]11 2
1 1 1
Let’s verify this solutions of A.
a 1 2 a
A-| b = 11 b
c 11 c



a+2b+ 2c
= a+b+2¢
a+b+c

= (a4+204+2¢) 1+ (a+b+2¢)-V2+ (a+b+c) V4

- (1+€/§+€‘/1)- Z

c

Now we find the characteristic polynomial of A.

1 2 2 r—1 =2
det |z-Is— | 1 1 2 = det -1 z-1
1 1 1 -1 -1

r—1
= (x—l)-det([ .
<l1 z—1

—2 - det
1 1

= 23 —-322-3z—1.

r—1

)

The monic polynomial of degree 3 satisfied by 1 + /2 + /4 is 2% — 322 — 3z — 1.

Question21-1 Let K = Q (\/5) for some squrefree integer D. Let o = a + bv/D be an element of K. Use

Answer:

the basis, {1, VD } for K as a vector space over Q and show that the matrix of the linear
transformation “multiplication by o” on K considered in the previous exercises has the

. a bD
matrix .

We will first show that the matrix of the linear transformation “multiplication by «” on K

. . . . .| a
considered in the previous exercises has the matrix l

{1, \/5} to express a typical element in K = Q (@)

ke K
k=x-14y-vVD

x
k;:[
Y

a

, a,be Q.

] . We use the given basis



Plug this information in A - k = « - k, we can solve A.

-l
= (a-1+b~\FD)~<z~1+y-\/ﬁ>
= (ax +byD) + (ay + bz) VD
a bD}
b oa |

A.

= A=

Question 21-2 Prove directly that the map a + bv/D l “
a

D
] is an isomorphism of the field K with

a subfield of the ring of 2 x 2 matrices with coefficients in Q.

D
Answer: We will first prove the map ¢ : K — M, (Q) defined by ¢ : a + bv/D — [Z ]is aring
a
homomorphism. We first verify that ¢ preserves the addition operation.
<p((a+b\/5)+(c+d\/f))) = <p((a+c)+(b+d)\/5)
 [a+e ®0+aD
B | b+d a+c
[ a bD ¢ dD
gp(a—kbx/ﬁ)—l—@(c—kd\/ﬁ) = K a] p c]
 [a+e ®0+aD
B | b+d a+c
:w((a—i—bx/ﬁ)—i—(c—i—d\/ﬁ)) _ <p(a+b@)+<p(c+d\FD).

We now verify that ¢ preserves the multiplication operation.

@((aer\/B) . (c+d\ﬁ3)> @((ac+bdD)+(ad+bc) \/5)

B [ ac+bdD (ad + be) D
B ad + be ac+bdD

@(a+b\/5)'¢(c+d\/5) _Z bf][:g dCD]

| ad+bc ac+ bdD
:><p((a+b\/5)-(c+d\/ﬁ)) = <p(a+b\/5>~go(c+d\/5).

B [ ac+bdD (ad + be) D 1



So we've shown that ¢ is a ring homomorphism. We now show that ¢ is injective.

ai biD | | a2 b2D
b1 a1 b2 as
= a; =ag, by =by

= a1+b1\/5:a2+b2\/5.

Therefore, ¢ is an injective map, and K 2 img (¢) < M, (Q). Hence K is isomorphic to a
subfield of M; (Q).



